In our previous work, we have defined a nonlinear connection of Finsler manifold which preserves the Finsler metric L = L(x, dx). To make the method easier and more useful in applications, moving frame (vielbein) θ a = e a µ dx µ formalism for the nonlinear connection is newly considered. We derive formulae to calculate the Finsler connection in the specific case that the Finsler metric depends not on coordinates x µ , but only on moving frame θ a : L = L(θ).
I. INTRODUCTION
Lagrangian systems are naturally described with Finsler geometry [1, 2] in the same sense that Hamiltonian systems are described with symplectic geometry or contact geometry we can construct an (n + 1)-dimensional Finsler manifold (M, L) from a Lagrangian system (Q, L * ), a pair of an n-dimensional configuration space Q and a Lagrangian of the system L * = L * q i ,q i , t , (i = 1, 2, . . . , n).
M is called the extended configuration space in analytical dynamical terminology. L becomes a Finsler metric, which is a function of coordinates (x µ ) and their derivative (adopted fiber coordinates of T M) (dx µ ) and is homogeneity one with respect to (dx µ ),
L(x, λdx) = λL(x, dx), λ > 0. (I.2)
We do not assume positivity: L > 0 and regularity : det g µν (x, dx) = 0, g µν (x, dx) = 1 2
∂dx µ ∂dx ν as in standard textbooks of Finsler geometry [3] [4] [5] [6] . This is because these restrictions can be burdens of physical applications. We only assume the positive homogeneity condition (I.2).
In our previous work [7] , we give a definition of a generalized Berwald's nonlinear connection on Finsler manifold (M, L) in point Finsler perspective [8] . In this standpoint, Finsler geometry is considered to be a geometry not on the line element space (slit tangent bundle
T M
• := T M − {0}), but on the point space M, in contrast to the conventional perspective where Finsler connection is defined as a linear connection on T M
• . For physical applications, we believe only nonlinear parts of the Finsler connection is needed; linear parts do not play any role in physics. Our nonlinear Finsler connection which defines parallel transports on a point space M can be a natural extension of the Levi-Civita connection on the point space M as an event manifold which Einstein used as a tool of his general relativity. If you are persistent in constructing a deformed gravity with such a conventional Finsler connection, you need to clarify its physical meaning to the coordinates (y µ ) of (x, y) ∈ T M • on which you consider a linear connection. On the other hand, our nonlinear Finsler connection has been used in constrained dynamics [7] , fluid mechanics [9] , Killing vectors on Finsler manifold [10] and superparticles [11] , proving itself worthwhile in physical applications. In the next section, we give a short review of our nonlinear Finsler connection. In sections 3, 4 and 5, we show the description of the nonlinear connection in moving frame formalism.
In section 6, the actual calculations of the connections in two examples, Riemannian manifold and pseudo particle model, are given.
II. NONLINEAR FINSLER CONNECTION
Let (M, L) be an (n + 1)-dimensional Finsler manifold. Usually a nonlinear connection of T M is defined as a subbundle HT M of T T M such as
where V T M is the vertical vector bundle over T M [4, 6] . With the adopted coordinates (x µ , dx µ ) of T M, the horizontal bundle HT M is generated by vector fields δ δx ρ ;
where N µ ρ (x, dx) are functions of x µ and dx µ , and homogeneity one with respect to dx µ :
, we can define a nonlinear covariant derivative for vector fields on M. For X, Y ∈ Γ(T M), the covariant derivative ∇ X Y is defined by
This nonlinear connection N µ ρ (x, dx) actually defines parallel transports on M. Other linear parts of a linear connection of T M called N-linear connection do not have any use in physics. Therefore it is convenient to define the nonlinear connection, with tangent-bundleterminology excluded. Furthermore, we can choose a nonlinear connection which preserves
Finsler metric: ∇L = 0, and we call it nonlinear Finsler connection. We first define a nonlinear connection on Γ(T * M), and from duality, we define the covariant derivative on
Definition II.1. We call ∇ a nonlinear Finsler connection on M which satisfies following conditions.
If the Hessian of the Finsler metric L with respect to dx, We can prove the following existence theorem of such a nonlinear connection [7] . 
where the matrices L ab are the inverse of the matrices (L ab ), and M µ , (µ = a, I) are defined by 
where the contraction of N µ ρ (x, dx) and Y is defined as N µ ρ x, dx(Y ) . Therefore
and ∇ X Y becomes (II.3).
We will call the condition (II.5) Cartan condition, which coresponds to the torsionless condition in the case of N µ ρ (x, dx) are linear with respect to (dx). But in general, this Cartan condition does not mean torsionless because of the nonlinearity of the connection;
Metricity condition (II.6) shows the preservation of L by ∇;
Here we think that ∇ is a covariant derivative on M not on T M, and we also think dx µ as 1-forms on M not as fiber coordinates of T M. L is not a 1-form but what we call a nonlinear 1-from . Therefore ∇L is calculated through an extention in action of ∇ to nonlinear 1-froms.
Furthermore using this nonlinear connection (Berwald function), we can write the EulerLagrange equation in an auto-parallel form [7] :
As we mentioned in the introduction, we use only nonlinear parts of the so-called Finsler connection. This makes the calculations of Finsler connection, which is normally thought to be very difficult, easier. In fact, the explicit derivation of nonlinear connection with the formula above is much faster than the one with the conventional method. What we explained so far is based on the holonomic coordinates. We further assure that usage of moving frame (vielbein) reduces several more calculation steps. In the next and the following section, we rewrite the Cartan condition (II.5), the metricity condition (II.6) , and the Berwald functions in terms of moving frame.
III. CARTAN AND METRICITY CONDITIONS
On Riemannian manifold (M, g), we frequently assume the torsionless condition: T = 0, and the metricity condition: ∇g = 0. As is well known, using moving frame (vielbein) θ a , the torsionless condition,
is equivalent to the condition,
where ω 
Similarly, we derive the corresponding conditions for the nonlinear connections on a
Finsler manifold. First, we should replace the Cartan's condition (II.5), which corresponds to the torsionless condition on a Riemannian manifold, in terms of moving frames. N µ ρ are written as 
where rot means the exterior differentiation of 1-forms which becomes 2-forms.
Second, we will think the metricity condition: ∇L = 0. If we assume the Finsler metric L is written only by moving frame θ a as L = L(θ), then the metricity condition is rewritten
In the next section, using our conditions (III.9) and (III.11), we construct a formulae of the Berwald's functions in moving frame formulation.
IV. EXPLICIT FORMULA
From a given Finsler metric L = L(θ), we construct the coefficients N a c of the nonlinear connection, which are the functions of (x µ , θ a ), homogeneity one with respect to (θ a ), and satisfy (III.9) and (III.11). We define auxiliary functions
which we also call Berwald functions. Note that the product θ c and N a c is a simple multiplication, not a tensor product. These Berwald functions satisfy
where the Cartan condition (III.
we can easily check that these N a c satisfy the Cartan condition (III.9). Using the Berwald functions, we solve the metricity condition (III.11) with the following assumption of the Finsler metric: 
and D vectors v I a , I = n − D + 1, n − D + 2, . . . , n are defined as eigenvectors for zero eigenvalue of L ab and are orthogonal to L a :
Remark 4. These basis vectors have the following properties,
The first three equations are obvious. The fourth is derived from (IV.6) and the differentiation of the third equation with respect to θ b .
Proof. Suppose the following linear combination of these vectors is zero:
Contracting L a to the above equation, we have A = 0, since L a ℓ b a = L a v I a = 0. Substituting A = 0 into (IV.8), differentiating it with respect to θ b , and contracting L a to it, we obtain
where the second term of the lef hand side is zero because of (IV.6). The rest becomes 
(IV.12)
Proof. Contracting θ c to (III.11), we get an equation for the Berwald functions:
On the other hand, by using these basis vectors θ a L , ℓ b a , v I a , G a can be expanded as
The requirement (IV.13) becomes
due to the properties displayed in Remark 4. From (IV.3) and (III.11),
The first three terms vanish because of Remark 4. Then, we get
Thus we get the following equation,
, we obtain a solution of the third equation of (IV.18)
and constraints from the second equation of (IV.18):
This λ b with the constraints (IV.20) also satisfies the first equation of (IV.18),
Therefore we get the Berwald functions, 
then we get simpler formula for the Berwald functions. We define a new matrix:
which satisfies the following identities
Proposition IV.3. The Berwald functions and constraints for the Finsler metric of type (IV.23) are
Proof. In this case, we can take
G a geven by (IV.27) is the same as the Proposition IV.2. G 0 =L 0γ M γ is also the same as the Proposition, sincẽ
Using (IV.28), we get the above formula for G I .
V. EULER-LAGRANGE EQUATIONS IN MOVING FRAME
Euler-Lagrange equations are derived from the variational principle of the action, 
With a vecor field X := δx µ ∂ ∂x µ , the variation δθ a can be described as
where grad and rot represent the exterior derivatives on 1-forms and 2-forms, respectively.
For a vector field X = X a e a with a moving frame e a and an arbitrary coefficients X a := e a µ δx µ , we have
and accordingly,
The variational principle δA[c] = 0 leads to the following Euler-Lagrange equations in moving frame formulation,
The equations above determine the extremum curve c as a solution. 
the second term of (V.7) vanishes. Moreover, differentiating the condition (V.9) with respect to θ, we obtain
With the aid of the above relation and the definition of the derivative
Therefore the Euler-Lagrange equations (V.6) are rewritten into the form of the auto-parallel equations,
where λ 0 is an arbitrary function of (x µ , θ a ) with degree two homogeneity with respect to θ a . The presence of this arbitrary function λ 0 in the auto-parallel equations represents their parameterization invariance. The equations (V.12) tell that dθ a + 2G a should be spaned by eigenvectors for zero eigenvalue of L ab , θ a L and v I a . G a , however, already include λ I v I a with arbitrary λ I in itself, which leads to the first equation of (V.13). The second line of (V.13) represents constraints. These constraints can be classified into two categories: the case that λ I is fixed so that it is consistent with the derivative of C I (second class constraints), or the case that λ I remains arbitrary (first class constraints).
VI. EXAMPLES
We show two applications in moving frame formalism: i) Riemannian manifold, and ii) pseudo particle model [10] .
A. Riemannian manifold
It is a good exercise to go over the method in the case of a Riemannian manifold (M, g) as
in terms of a moving frame θ a is given by
We already know the solution: the nonlinear Finsler connection Here we rederive the result through our formula (IV.27) in Proposition IV.3 for the Berwald functions G a . We have
therefore the Berwald functions become
without constraints. From (VI.4) and (IV.3), we obtain a linear connection
which is indeed the spin connection ω 
This is written in the form of the auto-parallel equation
with an arbitrary function λ of x and dx which is a Lagrange multiplier representing reparameterization invariant.
B. Pseudoclassical particle
The next example is a generalization of the pseudoclassical point particle model of Casalbuoni, Brink and Schwarz [14? ? ] . We previously considered the model on a curved two dimensional spacetime in terms of super Finsler geometry [11] . In this section, we will recast a super Finsler connection of the model in moving frame. The Finsler metric of the model which we call Casalbuoni-Brink-Schwarz metric (CBS metric) is given by
where
e a µ (x) are zweibeins: η ab e a µ (x)e b ν (x) = g µν (x), and , is a metric of the spinor space:
A | B := δ AB . We consider the CBS metric L as a super Finsler metric on a supermanifold M (2,2) with even and odd coordinates (
where R c = R S[2 0] is a set of even real numbers included in a Graßmann algebra over R with
We define a super moving coframe and frame Θ Ψ = Θ a , Θ A , E Ψ = E a , E A :
then the CBS metric is written by
The super Finsler connection N Ψ = N a , N A is defined by
where index Ψ, Φ, Ω takes (a, A), and N Ψ Ω are functions of (x µ , ξ A , Θ a , Θ A ) and homogeneity one with respect to (
Since L A = 0, the Berwald functions and the constraints for this metric become
from the Proposition IV.3. λ A are arbitrary functions of z, Θ and homogeneous two with respect to Θ Ψ , and
where E a are usual zweibeins on the 2-dimensional Lorentzian manifold. Furthermore
where we take θ a := e a µ dx µ . Therefore we get explicit forms of G a and C A ,
If we have another vielbein basis: dz I = dx µ , dξ A , the natural coordinates basis, their nonlinear connections coefficients n I K with respect to this basis, are defined by The identities Calculations of Finsler connection and curvature in holonomic coordinates are in general complicated and often hinder theoretical progress in physical applications of Finsler geometry, especially when one tries to understand a theory which is an extension of general relativity. It is, however, conceivable that moving frame (vielbein) formalism makes it easier as in general relativity. In this paper, we gave the calculation method in moving frame and displayed how it freely works in two different examples. We believe the method even helps
